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Abstract

Amorphous materials as diverseas foams, emulsions, colloidal suspensionsand granular me-
dia can jam into arigid, disorderedstate wherethey withstand "nite shearstressesheforeyield-
ing. The jamming transition hasbeenstudied extensiwely, in particular in computer simulations
of frictionless, soft, purely repulsive spheres. Foams and emulsions are the closestrealizations
of this model, and in foams, the (un)jamming point corresponds to the wet limit, where the
bubbles becomespherical and just form contacts. Here we sketch the relevance of the jamming
perspective for the geometry and °ow of foams| and alsodiscussthe impact that foamsstudies
may have on theoretical studies on jamming.

We rst brie°y review insights into the crucial role of disorder in these systems,culminating
in the breakdovn of the atne assumption that underlies the rich medanics near jamming.
Second,we discusshow crucial theoretical predictions, such asthe squareroot scaling of contact
number with packing fraction, and the nontrivial role of disorder and °uctuations for °ow have
beenobsened in experiments on 2D foams. Third, we discussa scaling model for the rheology
of disordered media that appearsto capture the key features of the 5°ow of foams, emulsions
and soft colloidal suspensions. Finally, we discusshow bestto confront predictions of this model
with experimental data.

1 Intro duction

Amorphous materials as diverseas foams, emulsions, colloidal suspensionsand granular media can
jam into arigid, disorderedstate wherethey withstand nite shearstresseseforeyielding [Liu and
Nagel (1998); O'Hern et al. (2003); Liu and Nagel (2010); van Hedke (2010)]. The jamming
transition has been studied extensiwely, in particular in computer simulations of frictionless, soft,
purely repulsive spheres. Foams and enmulsions are the closestrealizations of this model, and in
foams, the (un)jamming point corresponds to the wet limit, where the bubbles becomespherical
and just touch. What doesjamming tell us about foams? And what do experiments on foamsteach
us about jamming?

Liquid foams and emulsions are dispersions of gas bubbles or droplets in a immiscible (sec-
ond) liquid phase, stabilized by surfactants. Phenomenologically these materials exhibit plastic
°ow under large stressesbut behave elastically under small stress- their macroscopicresponseto



medanical perturbations is a complex mix of elastic, plastic and viscouse®ectgHAhler and Cohen-
Addad (2005)] - as is the casefor many other disordered soft materials ranging from colloidal
suspensionsto granular materials [Larson (1999)].

How should we think about the medanics of such materials, and more speci cally, about the
medanicsof foams? More precisely how are the laws that govern the local dynamics of bubblesand
soap Ims related to the macroscopic,collective behavior of a foam? It is useful to introduce two
extreme points of view here rst, being fully aware that most researtiers' views are more subtle.

Oneextremepoint of view would bethat a completeknowledgeof the local mecanicsis sutcient
to capture the global behavior - from this perspective, the translation from local to global behavior is
nothing but a straightforward coarse-grainingprocedure,and nontrivial collective behavior, sud as
nonlinear rheology, always nds its root causein similar nontrivial local everts, such asa nonlinear
viscousfriction law. For reasonsthat will becomeclear, we refer to this asthe “atne' picture.

Another extreme point of view would be that noneof the local details matter and that the global
behavior of disordered media, and foamsin particular, is set by \univ ersal" collective mecanisms
[Cateset al. (1997); Olssonand Teitel (2007); Argon (1979); Falk and Langer (1998)]. Hence
knowledgeof the detailed interactions is irrelevant, and di®erert local interactions, suc asdi®eren
local friction laws, may lead to the samemacroscopicbehavior, i.e. rheology.

Here we put forward a third point of view: qualitativ ely new behavior can emergeat the global
level, but local details still may matter. So,in our view, there is no universality in the sensethat
changesin the microscopicsoften lead to changesin the macroscopicproperties. Howewer, due
to the general ‘'non-atne' and strongly °uctuating nature of the medanics of disordered systems,
the translation from the local to the global level can be also highly nontrivial. We suggestthat
the mechanismsthat connectthe micro and macro world are universal. As an example of such a
robust medianism, we will discussthe role of the strength of the dynamic °uctuations, which in
turn depend on the wetnessof the foam and the °ow rate.

We will illustrate our point of view by discussingrecert experimental and numerical work on
foams, and by making explicit contact with the jamming framework that has been emergingin
recert years. Jamming refersto the creation (or loss) of rigidit y in disordered systemsin general,
but the most studied modelsin jamming are closeto modelsfor wet foamsand actually wereinspired
by earlier foam work [Bolton and Weaire (1990); Durian (1995)].

The outline of this paper is as follows. In section 2 we discussthe basic jamming scenariofor
foams, including the di®erencesbetween the medanics of disordered foams and ordered models
| we conclude that disorder leads to strong non-azxnity, which becomesincreasingly dominant
near jamming. In section 3 we discussour recert obsenations of the nontrivial scaling law that
relates contact number and pading fraction of foamsand jammed materials | this scalinglaw was
‘rst seenin simulations twenty years ago [Bolton and Weaire (1990)], and has now nally been
obsenedin 2D foams[Katgert and van Hedke (2010)]. Section4 dealswith our recert obsenations
of the di®erencen rheology betweenorderedand disorderedfoams, and evidenceshoth a nontrivial
rheology for disordered 2D foams and a nontrivial scaling of the dynamic °uctuations [Katgert et
al. (2008); MAbius et al. (2010)]. In section5 we sketch the outlines of a model for the rheology of
disorderedmedia near jamming that we recertly introduced[Tighe et al. (2010)] which reproduces
the experimental obsenations discussedn section4 well. In section 6 we brie°y outline how bestto
confront our predictions with experimental data, and we closewith a short discussionand outlook.



2 Jamming and Non-axznit y: Consequences of Disorder

Jamming Scenario for Foams | Someof the earliest studies that consider the question of
rigidit y of padkings of particles concernthe loss of rigidit y in foams and emulsions with increasing
wetness[Princen (1983); Princen and Kiss (1986); Kraynik (1988)]. The gas fraction A plays
a crucial role in determining the foam's structure and rigidity. The interactions between bubbles
are repulsive and viscous, and static foams are similar to the frictionless soft spheresusedin most
modelsfor jamming. In real foams, gravity (which causesdrainage) and gasdi®usion(which causes
coarsening)may play a role, although these e®ectscan be minimized by studying quasi-2D foams
and using inert gases[Weaire and Hutzler (1999)].

The (un)jamming scenariofor foamsis illustrated in Fig. 1. When the gasfraction approades
one, the foam is called dry. Application of deformations causesthe liquid Tms to be stretched, and
the increasein surfaceareathen provides a restoring force: dry foams are jammed. When the gas
fraction is lowered and the foam becomeswetter, the gas bubbles becomeincreasingly spherical,
and the foam losesrigidit y for somecritical gasfraction A. wherethe bubbleslosecontact (Fig. 1).
The unjamming transition is thus governedby the gasfraction, which typically is seenasa material
parameter. For emulsions the samescenarioarises[Mason et al. (1995)].
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Figure 1: Topviews of 2D foams, consisting of a mix of 2 and 3 mm bubbles trapp ed below a top
plate. At low pading fractions (left), the bubbles do not form corntacts and the materials is in a
medanical vacuum state. At high padking fractions (right), the bubbles are squeezedogether and
form a jammed, rigid state. At intermediate pading fractions, the bubbles just touch and form a
marginal state.

Elasticit y of Disordered Media | Foamsand emulsions typically form highly disordered
padings. Is this disorderimportant for the medanical properties, and if so, how can one deal with
it?

The simplest approad is to ignore disorder altogether and start from ordered, \crystalline”
padkings. Tacitly assumingthat all bubblesexperiencethe samedeformation, analytical calculations
are then feasible, becauseone only needsto considera single bubble and its neighbors to capture
the foams' geometry and mecanical response.

A famous example are two-dimensional hexagonal packings of monodisperse bubbles (\liquid
honeyconbs" [Princen (1983); Kraynik (1988)]). The only control parameter is then the liquid
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fraction of the foam or, alternativ ely, the pading fraction of the gasbubbles A (the sum of liquid
fraction and pading fraction is one).

The most striking features of these liquid honeyconbs are as follows. (i) The bubbles lose
contact at the critical density A. equal to Eé(“—é Y, 0:9069, and ordered foam pacdkings are jammed

for larger densities. (i) When for such a model foam A is lowered towards A, the yield stressand
shearmodulus remain "nite and of similar order, and jump to zeropreciselyat A.. (i) The cortact
number (averagenumber of contacting neighbors per bubble) remains constart at 6 in the jammed
regime. Similar results can be obtained for three-dimensional ordered foams, where A. is given by
the pading density of the HCP lattice ?é% Y4 0:7405[Héhler et al. (2008)].

Confronted with experiments on foams and emulsions, or numerical experiments on disordered
foams, all three of these predictions fail! First, the critical pading fraction is substartially lower,
around 84%in 2D and 64%in 3D [Bolton and Weaire (1990); Durian (1995); Masonet al. (1995);
Saint-Jalmes and Durian (1999); Lespiat et al. (2011)]. The fact that the critical pading density
for ordered systemsis higher than that for disordered systemsmay not be a surprise, given that
the bubbles are undeformed spheresat the jamming threshold, and it is well known that ordered
spherepadings are denserthan irregular ones[Weitz (2004)].

Second,the yield stressand shear modulus vanish smoothly when the critical pading fraction
is reached. Early evidencecomesfrom measuremets for polydisperse emulsions by Princen and
Kiss (1986), who obsened a substartial lowering of the shear modulus when A is lowered. Later
measuremets by Mason et al. (1995, 1996, 1997) and Saint-Jalmes and Durian (1999) of the
shear modulus and osmotic pressureof compresseddisordered emulsions and foams found similar
behavior for the lossof rigidity. When scaledappropriately with the Laplace pressure,which sets
the local \sti®ness" of the droplets, the shearmodulus grows cortinuously with A and vanishesat
A. ¥4 0:635, which corresponds to random close pacing in three dimensions. There is also ample
numerical evidencefor this [Bolton and Weaire (1990); Durian (1995); O'Hern et al. (2003); van
Hede (2010)] - we will comebadk to this below.

Third, the contact number was found to vary smoothly with padking fraction. Early evidence
comesfrom numerical simulations by Bolton and Weaire (1990), who numerically probed how a
disordered foam losesrigidity when its gas fraction is decreased. It was found that the contact
number z decreasesmoothly with A. At A= 1 the corntact number equalssix, as expected. When
Al A, the contact number appearsto reac the marginal value, zc = 4. In related work on the
so-called bubble model deweloped for wet foams in 1995, Durian reaced similar conclusionsfor
two-dimensionalmodel foams, and found that the contact number indeed approaces4(= 2D) near
jamming, and obsened the nontrivial squareroot scalingof zj 4 with excessdensity for the rst
time. All these ndings are consistert with what is found in closely related models of frictionless
soft spheresnear jamming [O'Hern et al. (2003); van Hedke (2010)].

We thus concludethat disorder plays an absolutely crucial role, and in generalcannot be treated
as a perturbation from the regular, ordered case.

Non-atnit y | In the precedingsubsectionwe preseried a wealth of simulational and exper-
imental evidencethat invalidates simple predictions for the elasticity of disordered media basedon
intuition derived from ordered padings. The crucial ingredient that is missing is the non-atne
nature of the deformations of disordered padkings (Fig. 2). In an atne deformation, all the local
deformations simply follow the global deformation, implying that the local motion of the particles

4



is asif they where pinned to a rubber sheet. In a disorderedsystemsuc as a foam, where particles
only interact with their neighbors, the local, disorderedenvironment is crucial. The key obsenation
is that, while materials far away from the jamming point (Fig. 2a) exhibit deformations that are
closeto atne (Fig. 2b), materials closerto the jamming point (Fig. 2c) exhibit deformations that
becomeincreasingly disorderedand non-atne (Fig. 2d).

Figure 2. (a) Dense numerical bubble pading, (b) Shear response of pacing depicted in (a):
the bubbles move atnely and thus largely follow the imposedstrain. (c) Bubble pading closeto
jamming and its shearresponse(d): The bubblesexhibit non-atne motion and swirly °ow patterns.

The role of these non-aznities is to critically change the elastic shear modulus of jammed
materials such asfoams[O'Hern et al. (2003)]. The scenariois asfollows: far away from jamming,
the local deformations are similar to the global ones- soa 1% shearstrain leadsto a typical change
of the local deformations that is also of the order of 1%. Since these changesof deformations are
assaiated with changesin the forcesbetween bubbles/particles, and concomittant changesin the
elastic energy one canthen immediately estimate the changein elastic energyoncethe interactions
between particles are known. In particular, for linear interactions with a local spring constart Kk,
one concludesthat the shearmodulus G on the order of k, just asin the atne picture sketched
above.

Closerto jamming, however, the number of contacts per bubblesdrops, and bubblesare increas-
ingly freeto deviate from the atne eld soasto minimize the changesin elastic energy and, asa
consequencethe shearmodulus G gets smaller than would be expected from an atne assumption.
At the jamming point, the shearmodulus vanishesfor harmonically interacting particles | clearly
here the translation from local to global interaction is nontrivial! For di®erert (e.g., power law in-
teractions sud a Hertzian interactions), the shearmodulus behavesdi®eren, sothere is no simple
universality. However, the ratio of shearmodulus to local spring constart (or equivalertly, the ratio



of shearmodulus to bulk modulus K ') scalesin a robust mannerwith distanceto jamming: indepen-
dent of dimensionand interaction potential, G=K / zj z, wherez. is the number of contacts at the
critical point (=2D). [O'Hern et al. (2003); Ellenbroek et al. (2009)]. This illustrates our earlier
point: local interactions matter, but there are universaland sometimesnontrivial medanismsthat
translate the local interactions to the global behavior.

As there is no simple way to estimate the particle motions and deformations in disordered
systems, one needsto resort to (numerical) experiments. Jamming can be seenas the averue
that connectsthe results of sudh experiments. Jamming aims at capturing the medanical and
geometric properties of disordered systems, building on two insights: rst, that the non-atne
character becomesdominant near the jamming transition, and second, that disorder and non-
atnit y are not weak perturbations away from the ordered, atne case,but may lead to completely
new physics [Somfai et al. (2005); Mason et al. (1995); Radjai and Roux (2002); Tanguy et al.
(2002, 2004); Lemaitre and Maloney (2006); Maloney (2006)].

3 Contacts and density in 2D foams near jamming

We have recerily experimentally investigatedthe static structure of a disorderedmonolayer of foam
bubblesthat form a bidispersepadking similar to the detail shovn in Fig. 3. This monolayer °oats
on the surface of a soapy solution and is bound on the top by a well-leveled glass plate [Katgert
et al. (2008); Katgert and van Hedke (2010)]. This setup allows for direct optical accessof all
bubbles, in contrast to three dimensionalfoams, which are opaquedue to multiple scattering of the
interfaces. The pading fraction can be varied simply by in- or decreasingthe gap betweenthe glass
plate and the soapy solution.

The question we set out to answer is whether the numerically ubiquitous scaling of the excess
contact number with the squareroot of the excessdensity [Durian (1995); O'Hern et al. (2003)]
could be obsenedin experimert. In order to probe this questionwe prepare many distinct padkings
of our bidispersefoam at xed A, by stirring the bulk soapy solution to rearrangethe pading. After
the padkings have relaxed to an equilibrium state, we take photographs of the resulting structure
with a 6 megapixelcameraand analysetheseby advancedimage analysis. Even though the bubble
are three dimensional ertities, we adjust the lighting of our experiment sud that we image the
bubbles as two-dimensional discs, at the point where they are broadest. This approad seemsto
be justi ed, a posteriori. For ead realization we determine the averagecorntact number z and the
packing fraction A, seegrey dots in Fig. 3. For high pading fractions, the corntact number tends to
Z = 6, the expected value for disorderedcellular structures [Weaire and Hutzler (1999)]. Howeer,
we obsene that, asthe foam packing fraction is reduced, the average contact humber decreases,
ultimately reaching z. = 4, at a pading fraction around A = 0:84. Below this value the foam loses
stability. Both the value of the critical density and contact number at the unjamming point are
fully consistert with predictions.

We also plot the averageover all imagesfor ead packing fraction (black circles). Clearly the
variation of z with A is similar to a square root, and to compare our data to predictions we t
our data to a power law t of the form z = 4+ zge (A A.) (red curvein Fig. 2. The best t
givesus zg = 4:028 0:20, A. = 0:8428 0:002and ~ = 0:50§ 0:02, in remarkable agreemen with



theoretical predictions by O'Hern et al and Durian [O'Hern et al. (2003); Durian (1995)], who
found zp = 3:6 8 0:5, Ac = 0:8418 0:002and ~ = 0:49§ 0:03.
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Figure 3: Averagecontact number versusA for experimental bidispersefoams: grey dots indicate
data for ead individual realization, black circles indicate averagesfor ead globally set pading
fraction. Solidredlineist ofthe form z = 4+ zgu(Aj Ac) , with zo = 4:028 0:20, A. = 0:8428 0:002
and = 0:508 0:02. Inset is data plotted versusexperimentally determined packing fraction Aexp.
The t hasa power law exponert of 0.70.

In simulation studies the pading fraction is often calculated by counting the overlaps between
bubblestwice. In the experiment we are restricted to extracting an areafraction from images. We
therefore convert our experimentally determined packing fractions to the corresponding theoretical
packing fractions. If we do not corvert our experimentally determined packing fractions, we nd
an e®ectie scaling exponert ~ = 0:70 when plotting z asa function of Asy, , Seeinset of Fig. 3.

We were not the the Tst to experimentally investigate the scaling of z with A. Majmudar et
al. [Majmudar et al. (2007)] have extracted the samequartities from imagesof two-dimensional,
frictional, photoelastic discsand comparedtheseto predictions from simulations. From their data
it appearsthe prefactor Zg ¥ 16, inconsistert with simulations. Our results do allow for a direct
comparisonwith predictions for frictionless jamming, which can be seenfrom the excellert agree-
ment between parameters. We also note that Brujip et al. recertly have probed this squareramt
scalingin 3D emulsions (private communication).

We concludethat, asfar as static structure is concerned,(2D) foamsand numerical models for
jamming are in excellert agreemei. Disorder is crucial for real foams.



4 Disorder and °uctuations in foam °ows: EXp eriments

In a seriesof experimerts [Katgert etal. (2008,2009);MAbiusetal. (2010)]wehaverecertly probed
the role of disorder in the °ow of 2D foams. In these experiments, we sheara foam monolayer that
is °oating on a soapy solution and bound by a glassplate. We calculate averagedvelocity pro les
and track the bubble displacemerts. Our two main ndings are 1) that disorder plays a crucial
role in the rheology| the global rheology is very di®eren than what you would expect basedon
measuremets of the local drag forces| and that 2) °uctuations becomeincreasingly strong asthe
strain rate is lowered.

Drag forces | To probe the role of disorder, we have compared the averaged°ow pro les
and bubble trajectories of a ordered, crystalline foam and a disordered, bidisperse foam (Fig. 4).
For monodispersefoams (Fig. 4a), the bubbles move past ead other in a ziplike fashion along the
crystal planes of the hexagonallattice formed by the bubbles, seeFig. 4b for tracks. The velocity
pro les (Fig. 4b) are strongly localizedand are independert of driving velocity. For disorderedfoams
(Fig 4c)the situation is vastly di®erer: the bubble motion becomesdisordered and organizesinto
the swirly, collective patterns typically seenin materials near jamming, seeFig 4d. The velocity
pro les now depend on the driving velocity, and becomeincreasingly delocalized as the driving
velocity is decreased.

To understand the °ow pro les, we intro ducea simple force balancemodel in which the averaged
viscousfriction betweenbubblesthat move past eat other, F, is balancedby the viscousfriction
due to the bubbles moving past the glassplate, Fy,, [Janiaud et al. (2006); Katgert et al. (2008,
2009)]. We note here that without the top plate, the °ow pro les are essetially linear [Wang et
al. (2006)] | the shear banding seenhere is thus simply due to the top plate [Janiaud et al.
(2006); Schall and van Hede (2010)]. We ched rheometrically that the top plate drag is given
by the classicresult of Bretherton Fy,, » v2= [Bretherton (1961)]. We then extract the scaling of
interbubble friction F, with velocity gradiernt by tting the model to the velocity pro les.

Our model predicts rate independent velocity pro les, as seenin the ordered foam, only if the
interbubble viscousfriction scalesin the sameway asthe bubble-wall friction: F, » ¢ vZ=3 where
¢ v is the velocity di®erencebetween neighboring bubbles. We verify this scaling with rheological
measuremelts on two ordered bubble layers gliding past ead other, and nd that the bare viscous
friction between bubbles moving past ead other indeed scalesin exactly the sameway with the
velocity di®erencebetweenbubblesasthe frictional force betweenbubble and top plate, seeFig. 4e.
Hence,the rate-independenceof the obsened °ow pro les for ordered foamsindicates that the local
viscousdrag law immediately and trivially setsthe global drag forces.

For the disorderedfoams, the remarkable thing is that their rate dependen pro les are consis-
tent with the force balance model if the exponerts for bubble-bubble and bubble-wall friction are
di®erent. In fact, we excellently t all our velocity pro les by our model with a bubble-wall friction
asdictated by Bretherton's result and an averageinterbubble friction that scalesas ¢ v%36. Since
the local friction law betweenbubblesis independen of the bubble con guration, we concludethat
in this casethe translation from local to global drag forcesis highly nontrivial.

We have further cheded this remarkable result by bulk rheometry on disorderedtwo dimensional
foam layers. Bulk foam °ow curvesare commonly t with the phenomenologicalHerschel-Bulkley
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Figure 4: (a) Top view of linearly shearedmonodispersefoam. Arrows indicate direction of shear
at the boundaries. (b) Bubble tracks for monodispersefoamin (a): bubblesslide along planesthus
move aznely; the resulting velocity pro les are strongly localized (red curve). (c) Bidispersefoam,
and its corresponding bubble tracks (d): swirly, non-axzne motion is clearly visible, and the velocity
pro le exhibits lesslocalization. Ingredients into the model describing these °ows: (e) Viscous
friction betweento ordered bubble rows (seeinset) as a function of ¢ v. Solid line » ¢ vZ=3. (f)
Stress-strainrate relation for disordered two-dimensionalfoam: black solid line indicates t to the
Hershel-Bulkley expression: %= ¥ + A° , with ~ = 0:36. This power law scalingis highlighted
by subtracting the yield stress¥% (blue data).

constitutiv e relation, linking the stress%with the strain rate °_:
Ya= Yy + A )

with ¥ the yield stress. In this measuremen (Fig. 4f), the “ow exponert = 0:36, consistert with
our indirect determination of  via the °ow pro les. Wethus nd that disorder changesthe e®ective
viscousfriction betweenbubblesin a highly nontrivial way: the averagedviscousdissipation inside



the foam is enhancedwith respect to the ordered case,leading to lesslocalized and rate dependen
°ows.

In the next section, we will presen a theoretical model that fully capturesthe nontrivial trans-
lation from the local exponent of 2/3 to the global exponert of 0.36.

We also point out here another di®erencebetweenthe measuredrheology of disordered foams
and ordered foams: the disordered foams have a nite yield stress (%), while the ordered foams
exhibit pure power law scaling. As we will discussin sectionV.C, this is deeply connectedto the
relation between °uctuations and energy dissipation in the system.

Fluctuations | We have also studied the bubble displacemerts in detail via tracking of the
irregular bubble motion [MAbius et al. (2010)]. After subtracting their averagevelocity, we have
probed their remaining erratic motion. Since we can probe local strain rates that span multiple
decades,we can plot the mean squareddisplacemen (MSD) of the bubbles as a function of local
strain rate. For all strain rates we seethat the MSD's crossover from superdi®usiwe to di®usive
behavior at a well de ned relaxation time t, that corresponds to a MSD of (0:14hdi)?, which is
remarkably similar to the Lindemann criterion for cagebreaking in colloidal suspensions[Besseling
et al. (2007)].

When we extract this t, for di®erert local strain rates, we obsene that it doesnot scalewith
the inverselocal strain rate °i 1, which could have expected expected since both rearrangemers
and °uctuations are ertirely shearinduced. In cortrast, we nd that t, » °i 96680:05 Thjs result
implies that °uctuations incr easefor slower °ows, in corntrast to the commonly acceptedviewpoint
that foam °owstend to quasistaticity when lowering the strain rate, re°ected in the expectedscaling
t, » °i 1. This result can be made more explicit by replotting the MSD curves as function of the
accunrulated strain | the lower the strain rate, the larger the MSD at given strain [MAbius et al.
(2010)]. Hence‘uctuations becomestronger the slowver the °ow.

5 Disorder and °uctuations in foam °ows: Simulations and Theory

In this section we will presert a jamming-inspired, theoretical perspective on the °ow of foams.
For completenesswe rst introduce sewral variants of the \bubble model", a microscopic model
suitable to simulate the °ow of wet foams| readersfamiliar with, or not interestedin the details of
thesemodels can skip this section. We then discussthe main rheological featuresthat thesemodels
display in direct numerical simulations. We then show that a basic energybalanceequation implies
that the relative strength of °uctuations grows for decreasing®ow rates, and actually divergesin
the limit of zero °ow rate - consistert with the experimentally obsened growth of the di®usivity
discussedabove. We nally outline the main contours of a model for the rheology of soft materials,
sud asfoams, nearjamming. This model combinesrecert insights on elasticity near jamming with
our obsenations on the nature of the °uctuations, and predicts seweral scaling regimesthat should
be, and partly have been,obsened in the °ow of foams.

5.1 Computer Mo dels for Foam Flow

There are various versionsof microscopic models suitable for simulating the °ow of wet foams (and
other disorderedmedia). All versionwe will discusshere stem from the \bubble model" introduced
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in 1995by Durian [Durian (1995)]. In these models, all bubbles are represerted by soft spherical
(disk-like in 2D) particles, that only interact when in contact. Following Durian, it is typical to
take the equations of motion to be overdamped [Durian (1995, 1997); Ono et al. (2002); Tewari
et al. (1999); Olssonand Teitel (2007); Tighe et al. (2010)], an appropriate approximation for
slow °ows in which damping dominates inertia. This formally corresponds to the limit in which
bubble massesare setto zero,and henceat any instant the elastic and viscousforceson ead bubble
balance. Other authors elect to retain inertial terms in the equations of motion [Hatano (2008);
Langlois et al. (2008); Otsuki and Hayakawa (2009)]; in the underdamped limit this producesa
qualitativ ely di®erert rheology.

(@) (b)

Figure 5: (a) Elastic and (b) viscousforcesbetweenbubblesin the bubble model: when bubbles
overlap, the strength of their mutual repulsion is a function of the overlap | the bubbles act as
one-sidedsprings. The viscousforcesare taken to be a function of the velocity di®erencebetween
bubbles sliding past eadt other.

To specify a particular variant of the bubble model one must describe the elastic and viscous
forcesbetweenbubbles. Elastic forcesare typically taken to be generatedby harmonic \one-sided
springs”, seeFig. 5a. These springs have rest lengths equal to the sum of the contacting bubbles’
radii; their one-sidednesgefersto the fact that they apply a force only when the spring is com-
pressed,thereby guaranteeing that the elastic forcesare purely repulsive. Another common force
law is the Hertzian interaction, which describesemulsionsrather than foams[Lacasseet al. (1996)].
A \Hertzian spring" is also one sided, but its repulsive force grows asthe 3=2 power of the spring's

compression.In general, then,
for» £%; )

where * is the dimensionlesscompressionof the spring and ® = 1 (3=2) corresponds to harmonic
(Hertzian) forces| for the simulations we describe below ® = 1.

Similarly, it is natural to invoke a viscousforce law in which the relative velocity of contacting
bubblesis damped (Fig 5b):

fase = B(C VKB
fise = B (¢ V7)) (3)
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For the simulations we describe below ®,jsc = 1, which corresponds to linear viscous dissipation.
Real foams, howewver, are believed to have ®sc < 1, with the actual value depending on the
surfactarnt used[Denkov et al. (2009)]. For the mobile surfactants usedin the experiments described
above, our measuremets indicate ®sc = 2=3, seeFig. 4(e). We shall seethat changesin the
microscopic exponert ®,isc have measureablerami cations for the macroscopicrheology We also
take B¢ = b’, sothat the dissipation is indi®erert to whether the particles are moving together,
moving apart, or sliding. Other authors have taken b’ = 0, so that sliding does not dissipate
[Hatano (2010); Otsuki and Hayakawa (2009)], though this casemay be pathological.

Finally we point out that there is another, qualitativ ely di®eren, viscousforce law commonly
usedin the literature [Durian (1995, 1997); Ono et al. (2002); Tewari et al. (1999); Olsson
and Teitel (2007)]. Known as\mean eld" dissipation, it speci es that ead bubble experiences
a damping force proportional to the di®erencebetweenits instantaneous velocity and the mean
velocity win = °x ¢ of a bubble at its position:

fvr = i bur(®i %in): 4)

This expressionassumeghe linear velocity pro le establishedby Lees-Edwards boundary conditions.
It sacri ces more realistic modeling for numerical corvenience: in overdamped dynamics, Eq. (4)
can be simulated far more exciently than Eg. (3).

5.2 Phenomenology

In the static limit, all microscopic models introduced above reduceto the simple models that are
studied to probe elastic properties near the jamming transition. Most crucial, in order for the
material to have a nite rigidity, they needto be padcked at a suzciently large pacing fraction
| the critical pading fraction correspondsto extremely wet foams where the bubbles just touch.
Once suc padkings are created, they are subjected to a xed strain rate and the shear stresscan
be measurednumerically | in somecases,the stresshas been xed and the strain rate has been
measured[Olssonand Teitel (2007)], but in all cases,’ow pro les have beenfound to be simply
linear (i.e., no shearbanding| whenwe include additional drag terms, modeling interactions with
a top plate, the sameshearbanding that is seenexperimentally is recovered).

There are certain generic features of the macroscopicrheology that prevail for A > A in sim-
ulations of any version of the bubble model discussedabove. Namely, the constitutiv e relation is
qualitativ ely similar to the Herscel-Bulkley constitutiv e relation de ned in Eq. (1) . The exponert
~ is typically lessthan one, a property known as\shear thinning." In numerics one obsenes that
% varies with A and vanishesat Ac, which motivates us to write % » ¢ A® for some¢. Note
that because¥s= ¥ in the limit °_ ! 0, it is natural to expect that the exponert ¢ dependson
®g but not on ®isc, a dynamical quartity. By cortrast  is a dynamical exponert which will turn
out to depend on both ®,jsc and ®,. The challengeis to identify how ¢, A, and  depend on the
microscopic details of the model.

1We note here that we do not believe that the *ow curvesare exactly of this form, although this is almost always
a good approximation
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5.3 Fluctuations

Slow foam °ows are dominated by °uctuations. For exampleit is widely believed that the main
contribution to dissipation in dry foams stems from localized neighbor-swapping, or T1, everts
[HAhler and Cohen-Addad (2005)]. Here we focus on the wet limit, where T1 everts are not well
de ned. Nevertheless,hereagainthere is a preciserelation betweenthe °uctuations and dissipation.
Power balance | If oneshearsa foam (or any other system) at a rate °, and it resiststhis ow
with a shearstress¥; the product of the two givesthe averagerate of work doneon the system. This
work hasto be dissipated, and for wet foamsthe only dissipative mecanism is the relative motion
of neighboring bubbles. Let us rst take a simple model, where the viscous force fisc between
bubbles is proportional to their relative velocity ¢ v. In atime interval ¢ t, the amourt of energy
dissipated per pair of sliding bubblesis then fyisc £ ¢ t £ ¢ v, which scalesas ¢ v2¢ t. The crucial
obsenation is that the energyfed into the systemby shearneedsto be balancedby the amount of
energy dissipated by local bubble sliding:

3/0 B 2®.
Y8 » ¢ve (5)

where the brackets denote averaging over the system 2.

We now show the powerful consequence®f this simple relation. Let us rst imagine that our
foam behavesas a Newtonian °uid, for which %= "°. In that casethe steady state power balance
equation Eq. (5) requiresthat the "°2» ¢ v? , sothat j¢ vj and °_scalein the sameway.

However, foams do not behave as Newtonian °uids, particularly for slow °ows. Let us assume
that the stressvaries as a power law of the strain rate, which is a good approximation of a typical
Hersdel-Bulkley rheology at high °ow rate: % » ° S@stituting this into the steady state
power balance equation, Eq. (5), one obtains °** » ¢ v? |, sothat j¢ vj and °_ do not scalein
the sameway; rather j¢ vj » °@* )=2_ For the typical casethat ~ < 1, one concludesthat the
velocity °uctuations deca sublinearly with strain rate, or in other words, that the relative velocity
°uctuations, j¢ vj="_divergeas°( i D=2, This divergenceis even stronger for slow °ows for which
the stressreachesa plateau value: %% %,. The steady state power balance equation Eq. (5) then
predicts j¢ vj=°_to divergeas®i 172,

The divergenceof the °uctuations suggeststhat there is no well-de ned quasistatic limit, at
least not as far asthe trajectories of the bubbles are concerned: the slower you go, the bigger the
°uctuations. Imagine you are given two movies of foam °ows at two di®erert °ow rates | but
you are not told which one is the fastest, nor do you know the frame rate of these movies. By
adjusting their playbadk speed,you can make the average°®ow rate of the two movies equal| the
energy balance argumert predicts that the amourt of °uctuations would be largest in the movie
corresponding to the slowest °ow. We stressherethat, at least qualitativ ely, this is precisely what
we obsened in the experiments on di®usion of foam bubblesin °ow.

Characteristic  Scales | The °uctuations introduce a nontrivial dynamical time scaleinto
the problem: tgy, = d5¢ vj, whered is a typical bubble diameter | this time can be thought of as
characterizing the time scaleover which local rearrangemerts take place. In the simplest caseof a
Newtonian °uid, for which j¢ vj » °, tgy, is nothing more than the inversestrain rate.

2In all scaling arguments that will follow we focus on the typical scaleof quantities, and ignore correlations | we
do not believe these will change our results in an essetial manner.
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For non-Newtonian °uids, however, ¢ v scalesnontrivially , hencethe dynamical timescale does,
aswell. For a pure power law °uid we Nd tayn, » °A* )72, and for the yield stresscasewe nd
tayn » o=,

One cantranslate this time scaleinto a characteristic strain scalenecessaryto induce rearrange-
ments: °gyn = tgyn°. This characteristic strain thus vanishesfor slov °ows | the slower the °ow,
the smaller the overall strains necessaryto induce substartial rearrangemers.

Relation between local viscous drag, °uctuations and rheology | Let us now clarify
the relations betweenlocal dissipation, °uctuations and global rheology. First, let us generalizethe
viscousforce to be nonlinear: fyisc / j¢ vj®. Now assumethat_the mq@roscopicrheology is of the
form %/ ° . The power balanceequation then reads® *! » ¢ v1*®  which will give nontrivial
°uctuations whenewer ® 6 .

This shows that details matter in the sensethat di®eren local dissipative laws directly a®ect
the preciseform of the balanceEq. (5) | in this sensethe physicsis not universal. On the other
hand, aslong as~ < ®, the °uctuations becomestronger for slower °ow. We will seethat this
inequality is in generalsatis ed, sothat the divergenceof °uctuations is robust.

The balanceargumerts can also be usedto rationalize part of our experimental ndings. Recall
that in rheological experiments in which two ordered rows of bubbleswere slid past ead other with
velocity ¢ v [Katgert et al. (2008, 2009)], seeFig. 4e, the time-averagedshear stress ¥ was found
to scaleas a simple powerlaw: ¥%» ¢ v®. In particular, there was no force plateau at low ¢ v. In
contrast, for a disorderedbubble raft, the stresshad a Hershel-Bulkley form with a plateau for low
strain rates and a power law di®erert from ® ¥» ¥+ A°_, seeFig. 4f.

The nite plateau we can understand as follows. As we have seen,the energybalanceargumert
shaws that for °ows in the regime where the stressis on a plateau, the relative °uctuations must
diverge when the strain rate goesto zero. Sincethe °uctuations are constrained in the ordered
system, they cannot diverge, energy cannot be dissipated strongly enough, and as a result there
cannot be a yield stress| consistert with our ndings. In the disordered system, the °uctuations
are not constrained, and nothing forbids the emergenceof a nite yield stress.

We stressherethat the role of disorder is to facilitate the nontrivial role of the °uctuations. In
ordered systems, such as the ordered foams we discussedabove, whole rows of bubbles slide past
ead other, and there is simply not enoughfreedomto allow for large °uctuations. In disordered
systems, the bubbles have much more freedom to choose their path. For the caseof elasticity
of disordered media, discussedin section Il, disordered bubble motion was intimately connected
to anomalous scaling of the shear modulus. Here we seethat for the °ow of disordered media,
nontrivial °uctuations are connectedto anomalousscaling of the stress-strainrate relation.

The di®erencebetween the local and global rheological exponerts ® and ~ is also intimately
related to the fact that the °uctuations are rate dependert. But the single balanceequation Eq. (5)
is not suzcient to predict both — and the °uctuations | we needadditional argumerts to obtain a
set of closedequations. In the next sectionwe will intro duce such equations,and produce a de nite
prediction of  asfunction of the local drag force ®.
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5.4 Scaling model for foam °ows

We now introduce a model that seeksto explain bubble model rheology for A > A.. Our goal is
to give the °avor of the model, without delving too far into details. For simplicity, we rst x the
elastic (®,) and viscousexponert (®yisc) to one.

The scaling model has three ingredients. Theseare

1. the systemis in power balance

2. a °owing foam can be mapped to a static systemthat has beenshearedthrough an e®ectie
strain °e@

3. the stressasa function of ° @ is given by the constitutiv e relation for sheareddisorderedspring
networks

One of the ditculties in explaining this model is that there are seweral di®erert regimes with
di®eren forms for the e®ecti\e strain and stress-strainrelation. We rst will describe the model in
two of the simplest limits, and then brie°y point out how all theseresults can be generalized.

Critical Regime | In the limit of very wet foams, i.e., A! A;, the model is particularly
simple. We postulate that the e®ectiwe strain in the system then simply equals the dynamical
strain introduced above: ° g4y » °=5¢ vj. For the equation for the stress,we build on recert work
that shows that near jamming, the linear shearmodulus vanishesand the stressscalesas ¥%» j°j°.
[Wyart et al. (2008)]. Now we have a closedset of three equations (we drop all absolute values
and averages):

¥ » GV (6)
‘e@ » =tV (7)
Y o» ° g® : (8)

We haveidenti ed ° with °ee; this is point 3 in the above list. Theseequationscan easily be solved
and yield a prediction for the rheology of the form ¥» ° 172 which is in very good agreemem with
numerical simulations of the bubble model [Tighe et al. (2010)].

Yield StressRegime| In the limit of very slov °ows and for A > A, the model also becomes
very simple. In that regime, the e®ectiwe strain is no longer expectedto be dominated by dynamic
e®ects,and we postulate that the e®ecti\e strain in the systemthen equals¢ A:= Aj A [Tighe et
al. (2010)]. For the equation for the stress,recert work ShO/VSpthE away from jamming, the shear
modulus G scaleswith the distanceto jamming asG » ¢z » =~ ¢ A. In summary:

¥ » ¢V (9)
‘e® » SA_ (10)
Ya » ¢ A%p: (1)

Theseequations can easily be solved, and yield as prediction that the stressis a constart / ¢ A3,
Transition Regime | The general forrB of the model is obtained by combining these regimes,
sothat °ep= a1¢ A+ @°=C v, and %= ag € A°ee+ a4°2; Wherea are numerical constarts to be
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determined. It turns out that there are three di®erer regimes,and in all cases,either the rst or
the secondterm in these sumsdominates 3. The third regime we refer to as the transition regime,
and here the three equations are:

¥ o» ¢ v2 (12)
°e@ » B:¢ vV (13)
Yo » ¢ A% ; (14)

which yields that the stressscalesas %» (¢ A)1™2°1=2 | this third regime came as a complete
surprise, and its existenceimplies deviation from the usual Herschel-Bulkley phenomenology This
deviation is ditxcult to obserw in numerics but consistert with our obsenation that very often,
Hersdel-Bulkley- ts to experimental or numerical data underestimate the data in the crosswer
regime between yield stressand power law behavior - precisely the regime where the transition
rheology is predicted.

By substituting the various solutions we have obtained into the general expressionsfor the
e®ectie strain and stress,one can do a self consistencyched to seefor which strain rates, which
regime should dominate | we nd that the Yield Stressregime dominates for © . ¢ A7, the
Critical Regimefor ° & ¢ A? and the Transition regimein the rangein between| which can span
arbitrarily many decadeswhen ¢ A tends to zero.

General Microsmpics | What happens when the microscopic exponerts (®e) and (®isc) are
unequalto one?

For the Yield Stressregime, the stress-strain relation is a®ectedby the value of ®, asit sets
the scaling of the shearmodulus G with ¢ A. Prior work has shawvn that for nonlinear interactions,
the stressstrain relation becomes¥s» ¢ A% ; 1=2 [O'Hern et al. (2003)]. Thus the yield stress
varies with ®g accordingto ¢ = ®g + 1=2. For ®; = 3=2, believed to describe denseenulsions
and microgel suspensions[Lacasseet al. (1996); Nordstrom et al. (2010a)], this gives ¥ » ¢ A2,
in good agreemem with experimental measuremeis by Mason et al. (1996) and Nordstrom et al.
(2010), which both nd ¢ Y4 2.

For the Critical Regime, both the elastic and viscousexponernt matter. Let us keepthe elastic
exponert equalto one, which is a good approximation for foams. Recall that = should, in general,
depend on ®,jsc. Repeating the analysisin the critical regime for arbitrary ®isc yields

- 2®/isc
= —— 15
<|a/isc +3 ( )
For ®isc = 2=3, asis the casefor mobile surfactants, we obtain ~ = 4=11 % 0:36, in remarkably

good agreemen with the experimentally determined value ~ ¥4 0:36 in Katgert et al. (2008).
Finally, we point out herethat for densegranular media, the main dissipation comesfrom sliding
friction, which could be seenas a viscousinteraction with exponert zero| the frictional forcesdo
not changeappreciably with the sliding rate. In granular media, it hasbeentakenasa trivialit y that
both the local and global interactions are very similar, namely frictional. We doubt that granular
°ows are atne, but we believe that this corresppndencebetweenlocal and global °ow behavior is

3In principle there are four regimes, but the combination of terms in this fourth regime never dominate the physics
| see[Tighe et al. (2010)].
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a lucky coincidence- we note herethat for ®,jsc = 0, the global °ow exponert = also becomeszero

in our model.
5.5 Critical collapse
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Figure 6: Scaling collapse of °ow curves obtained from bubble model simulations as described in
Section 5.1. Flow curves are obtained for 4 decadesin strain rate and 3 decadesin ¢, seelegend.
Rescaledcoordinates are ¥=¢ A and °=¢ A%, appropriate for parameters spanning the Transition
and Critical regimes. Dashedlines are guidesto the eye with slopes1/3 and 1/2. Inset. Boundaries
betweenthe yield stress, transition, and critical regimesin the ¢ Aj ° plane.

A powerful test of any critical scaling prediction is to plot numerical or experimental data in
rescaledcoordinates and look for collapseto a master curve. The quality of collapseis a strong
test of theory, and the master curve itself is a revealing depiction of the underlying physics. The
rheological model described above indeed predicts such master curves, but there is somesubtlety
owing to the existenceof not one but two crosswer strain rates.

Toillustrate the subtlety, let us rst consideran examplewith only onecrosswer. The Hersdel-
Bulkley °ow rule cortains two regimes, a yield stressregime %% % » ¢ A® and a critical regime
% >» ° . The crosswer betweenthe two regimesoccurs at the strain rate °° for which the two
regimesare comparable: °® » ¢ A®= . Dividing by ¢ A®, the Hersdel-Bulkley °ow rule can be
rewritten y o1

4
—— = const+ A ——
¢ A¢ ¢ A=

provided A doesnot dependon ¢ A aswell [Katgert et al. (2009)]. Note that the term in parertheses

(16)
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is proportional to °=°", and that all the dependenceon ¢ A is contained in the ratios ¥#¢ A® and
°=¢ A®= . Therefore if the rheology is described by a Hersdel-Bulkley rule (or another °ow rule
with a single crosswer rate), plotting the rescaledstressand strain rate,

- P de= =
%= TAC and = e a7
should produce collapseto a master curve of the form const+ Ax . Alternativ ely, if the exponerts
¢ and areunknown, suc a scaling plot can be a way to determine them: onelooks for the values
of ¢, ~, and A; that produce the best data collapse.

Sudh scalingplots canbe madefor any curve characterized by two qualitativ ely di®erert regimes:
the rst step is always to identify the crossaer strain rate (or whatever quartity is on the x-
coordinate). If a curve hasmorethan two regimes,and hencemore than onecrosswer, onegenerally
cannot collapseall data by resaling with the single scaling parameter ¢ A. The °ow model from
above predicts not two but three scaling regimes, hence, according to the model, one should not
expect to be able to make a scaling plot that collapsesall data near A; for a broad range of °.
One can, howewer, still collapsedata from any two adjacert regimes. Consider the Transition and
Critical regimesfor ® = 1 and ®sc = 1, for which ¥%» ¢ A¥3°1%8 and 34 » °172, respectively.
The crosswer rate is °® » ¢ A%, and data from these two regimesshould collapsefor the rescaled
coordinates

%= S and &= =

T CA Tt A
This is shown in Fig. 6 and the collapseis indeed very good. Similarly, data from the yield stress
and transition regimescan be collapsedby plotting

(18)

3/ o

— 4 dg__ — .
Y iy

Note, howewer, that generating data in the yield stressregime is numerically challenging; Fig. 6,
for example, does not have enoughdata points in this regime to allow for a convincing test of the
model.

It is interesting to ask what happens if we attempt to make a scaling plot that assumesa
single crosswer, asin the Herschel-Bulkley °ow rule, when in fact there are multiple crosswers. In
e®ect,this ignoresthe transition regime, and one should nd that data from the transition regime
fails to collapse. Fig. 7 shows a plot of data generatedby numerically solving our scaling model
(® = ®iisc = 1). The dashedline indicates a Hersdel-Bulkley law: ¥ + A°172, with % and A
chosenso as to match the asymptotics of the model. Note that the curve has a soft elbow: the
crosswer is much slower than the Hersdel-Bulkley form would predict. While real experimental
data likely are noisy enoughto mask the poor collapsein this regime, the soft elbow does appear
to be a feature of real °ow curves: ts to the HB °ow rule typically fare poorly near the crosswer
point and underestimate the stress,consistert with the existenceof a transition regime.

% (19)

5.6 Conclusion and Outlo ok

In this paper, we have proposedthat static and dynamic properties of foams can be captured by
recert ideas stemming from jamming - and we have also illustrated how some of these theoreti-
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Figure 7: Numerical solution to our scaling model (") and Herstel-Bulkley model with the same
asymptotic behaviour (dashed line) compared. The Hersdel-Bulkley model underestimates the
cross-wer asit ignoresthe Transitional regime.

cal ideas grew out of experimental questions ("how does a foam lose rigidit y") and obsenations
("°uctuations in foamsseemto grow").

We suggesttwo broad directions for future researtr. On the one hand, there is a generallack
in experimental data confronting someof the predictions, for examplein the degreeof nonaznity
as a function of wetness[van Hedke (2010)], or the distribution of relative velocity °uctuations as
function of strain rate [Tighe et al. (2010)]; more experiments are called for. In particular there
are only a handful of studies of the mecanics and °ow of very wet foamsor emulsions - the recert
advent of combined 3D confocal imaging and rheology of emulsions [Zhou et al.  (2006); Clusel
et al. (2009); Paredeset al. (2011)] should open new experimental avenuesto probe the critical
regime.

On the other hand, many of the commonly obsened phenomenain soft materials are without a
sounddescription. Here we have focusedon steady state rheology, but in practice, oscillatory rheol-
ogy is the preferred experimental tool to capture the generalvisco-elasticbehavior of soft materials.
One of us, has recertly deweloped a theoretical description of linear oscillatory rheology [Tighe
(2011)], but there are many other open questions. What is the physics of plastic rearrangemers?
What is the fate of T1 evenswhen the foam getsincreasingly wet? What about memory e®ectsand
reversibility [Lundberg et al. (2008)]?

Welook forward to many more surprisesin the rich physicsof collectionsof bubblesand droplets.
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